ABSTRACT. Let ∕ℂ be a K3 surface with complex multiplication by the ring of integers of a CM number field . Under some natural conditions on the discriminant of the quadratic form ( ), we produce a model can of over an explicit abelian extension ∕ with the property that ( can ∕ ) = ( ∕ℂ). We prove that can ∕ is canonical in the following sense: if ∕ is another model of such that ( ∕ ) = ( ∕ℂ), then ⊂ and can ≅ . If is fixed, our theorem applies to all but finitely many surfaces with complex multiplication by . In case is not one of those, we still provide necessary and sufficient conditions for a model enjoying the same properties of can to exist. As an application to our work, we give necessary and sufficient conditions for a singular K3 surfaces with CM by the ring of integers of an imaginary quadratic field to have a model with all Picard group defined over , and provide an alternative proof of a finiteness result obtained by Shafarevich and later generalised by Orr and Skorobogatov.
INTRODUCTION
Let ∕ℂ be a K3 surface with complex multiplication. This means that the MumfordTate group of the Hodge structure 2 ( , ℚ) is abelian, i.e., a torus. Piatetski-Shapiro and Shafarevich proved in [Pvv71] that can be defined over ℚ (for a different proof, see also [Bal19] , Lemma 4.3) but so far not much is known about a way to produce a field of definition. On the other hand, the very same problem has a classical and elegant solution in the case of CM elliptic curves (and Abelian varieties in general, after the work of Shimura). If ∕ℂ is an elliptic curve with complex multiplication by the ring of integers of a CM field , then ( ) generates the Hilbert class field of , i.e.
can be defined over this particular number field associated to . The aim of this paper is to prove similar results for K3 surfaces. To every K3 surface ∕ℂ with complex multiplication by the ring of integers of a CM field , we associate a proper ideal  ⊂  which we call the discriminant ideal of (see definition 2.2). The name comes from the fact that one has an isomorphism  ∕ ≅ NS * ( )∕ NS( ),
where NS( ) denotes the Néron-Severi group of (see proposition 2.3). We say that has big discriminant if the natural map ( ) → ( ∕ ) × is injective, where ( ) denotes the roots of unity in (see definition 2.2). Before stating our theorems, we need to recall some results obtained in our last work [Val18] , a summary of which can also be found in Section 1. To every ideal ⊂  we associated an abelian extension ( )∕ , together with an explicit description of Gal( ( )∕ ). These field extensions play the same role of ray class fields in theory of elliptic curves with complex multiplication. As an instance, if we write 
Theorem. (A) Let ∕ℂ be a K3 surface with complex multiplication by the ring on integers of a CM field and denote by ⊂ ℂ its reflex field. Assume that has big discriminant. Then admits a model can over  ( ), the K3 class field of modulo the discriminant ideal  . Moreover, can ∕ satisfies the following universal property: if is a K3 surface over a number field , with CM over , such that ℂ ≅
and ( ∕ ) = ( ∕ℂ), then  ( ) ⊂ and can ≅ . Remark. The condition ( can ∕ ) = ( ∕ℂ) prevents, in general,  ( ) from being the 'smallest' field of definition for , i.e. can admit models over subfields of  ( ). On the other hand, the difference between an optimal field of definition of and  ( ) can be universally bounded. There exists a universal, effectively computable constant such that for every K3 surface over a number field there is a field extension ∕ with ( ∕ ) = ( ∕ ) and [ ∶ ] ≤ (see Huybrechts' book [Huy16] , p. 393). We also stress the fact that the field extensions of the form  ( ) are studied in detail in our last paper [Val18] , and are rather easy to handle.
In Proposition 3.5 we completely classify K3 surfaces with ( ) = 20 to which Theorem A applies: These correspond to what Vinberg in [Vin83] called "the two most algebraic K3 surfaces". In general (i.e. when [ ∶ ℚ] > 2) we are not able to determine such a complete classification. Nevertheless, the condition having big discriminant turns out to be rather weak:
Proposition. (B) Let

Proposition. (C) Let ⊂ ℂ be a CM number field, and denote by ( ) the set of isomorphism classes of K3 surfaces over ℂ with CM by the ring of integers of and reflex field equals to . Then, up to finitely many elements, every ∈ ( ) has big discriminant.
One way to obtain similar results in case the map ( ) →  has a kernel is to fix a level structure on the transcendental lattice. Indeed, Theorem A is a special instance of the following. Finally, it can happen that even when has not big discriminant, it still admits a model over  ( ) with full Picard rank, without the need to enlarge the field by the means of a level structure. In section 4 we introduce the notion of almost-canonical models and treat this case as well. Let now ∕ℂ with big discriminant. By the results above, we know that ( can ∕ ) = ( ∕ℂ). It seems natural to ask whether also the equality Pic( can ) = Pic( can ℂ ) holds. In section 5, we explain how this would follow from the existence of semi-stable models for K3 surfaces in mixed characteristic (see assumption 5.6) and we prove it unconditionally for Kummer and singular K3 surfaces: 
Theorem. (A') Let
Proposition. (D)(1)
RELATION TO OTHER WORKS
In [Sch07] , Schütt studied the field of definition of singular K3 surfaces, i.e. K3 surfaces ∕ℂ with maximal Picard rank. The name singular comes from the strong bound they share with CM elliptic curves. His strategy relies on the particular geometry of these surfaces, and in particular on their Shioda-Inose structure (see [SI77] ). To every such an one can associate a pair of isogenous elliptic curves 1 , 2 with CM, together with a Nikulin involution ∶ ∼ ← ← ← ← ← ← ← → such that the quotient ∕ is birational to Km( 1 × 2 ), the Kummer surface associated to 1 × 2 . Schütt was able to prove that can be defined over ℚ( ( 1 ), ( 2 )), improving on an earlier result of Nikulin. If = disc( ( )) is the discriminant of the quadratic form ( ), then ℚ( ( 1 ), ( 2 )) = ( ), the corresponding ring class field.
Then, Elkies and Shütt (see [ES13] and [Sch10] ) were lead to the quest of finding all singular K3 surfaces with Picard rank 20 over ℚ, both to answer some questions raised by Shioda and to find a geometric realisation of CM newforms of weight 3 (after a Theorem of Livné [Liv95] we know that if a singular K3 surface is defined over ℚ, then its associated Galois representation is modular). Their results use specialisation of families of K3 surfaces { } with ( ) ≥ 19, the theory of CM elliptic curves and the particular geometry of singular K3 surfaces (in particular their elliptic fibrations). As an application, let us consider again a singular K3 surface ∕ℂ with reflex field ⊂ ℂ and CM by the ring of integers of . Assume that is not one of the two "most algebraic K3 surfaces". When does admit a model over with full Picard rank? Thanks to the universal property in Theorem A, this is equivalent to asking whether the canonical model of is defined over .
Theorem. (F) admits a canonical model over if and only if the complex conjugation acts trivially on
Cl  ( ), the ray class group modulo  .
(Note that this makes sense, since =  , see Section 2). This condition is very easy to check, and thanks to Theorem F, we also know that every divisor class of can is defined over . Moreover, this can be generalised to every principal K3 surface with CM, see Theorem 6.2. In [Š96] , Shafarevich proved that, for a given natural number > 0, there are only finitely many ℂ−isomorphism classes of singular K3 surfaces that can be defined over a number field of degree . Later, Orr and Skorobogatov in [OS18] proved that the same is true for any K3 surface with CM. Some of the main ingredients to prove the finiteness are a lower bound for the Galois orbit of CM points of Abelian Shimura varieties and the MasserWüstholz isogeny theorem. Using the results of this paper, together with the generalisation of Gauss' class number problem for CM fields proved by Stark in [Sta74] , we can prove the same finiteness for K3 surfaces with CM by the ring of integers of a CM field:
Proposition. (G) Let
> 0 be an integer. There are only finitely many ℂ−isomoprhism classes of K3 surfaces with CM by the ring of integers of a CM number field that can be defined over an algebraic extension ∕ℚ of degree at most .
PRELIMINARIES
Let be a complex K3 surface. The second Betti cohomology group of together with the intersection form
is an even unimodular lattice whose isomorphism class does not depend on the chosen . It is usually denoted by Λ 3 and called the K3 lattice. Using the fact that is simply connected, one can show that the natural quotient map Pic( ) ↠ NS( ) is actually an isomorphism. Therefore, the first Chern-class map provides a primitive embedding of lattices 1 ∶ NS( ) ↪ 2 ( , ℤ(1)). To the Néron-Severi lattice one associates a finite quadratic form, i.e. a finite abelian group together with a quadratic form ∶ → ℚ∕2ℤ, as follows. Consider first the dual lattice of NS( ):
and put ∶= NS( ) ∨ ∕ NS( ), under the canonical inclusion NS( ) ⊂ NS( ) ∨ . Then one define a quadratic form on by the rule
The primitive embedding NS( ) ↪ 2 ( , ℤ(1)) determines the lattices of transcendental cycles ( ) ∶= NS( ) ⟂ . As above, one can associate a finite quadratic form ( , ) to ( ). Nikulin proved in [Nik79] that one has a canonical identification
Definition 1.1. The finite quadratic form ( , ) ≅ ( , − ) is called the discriminant form of , and we denote it by ( , ). The group of isomorphism of preserving is denoted by ( ). We have natural maps ∶ (NS( )) → ( ) and ∶ ( ( )) → ( ), where the latter is constructed using the identification (1.0.1).
The classical lemma we are going to need is the following.
Lemma 1.2. Two isometries
∈ (NS( )) and ∈ ( ( )) can be lifted to a (necessarily unique) isometry ∈ ( 2 ( , ℤ(1))) if and only if ( ) = ( ).
Remarks.
(1) If is a Hodge isometry and the lifting exists, then is a Hodge isometry as well; (2) It follows that one has a pull-back diagram Before concluding this section, let us recall what (a version of) the theorem of complex multiplication for K3 surfaces claims. We follow [Riz05] or [Val18] as references. Let be a complex K3 surface. By definition, has complex multiplication if the Mumford-Tate group of 2 ( , ℚ) is abelian. This is equivalent to the fact that ( ) ∶= End Hdg ( ( ) ℚ ) is a CM field and dim ( ) ( ) ℚ = 1. Evaluation on a non-zero 2−form induces an embedding ∶ ( ) ↪ ℂ, whose image corresponds to the reflex field ⊂ ℂ of the Hodge structure ( ) ℚ . Via this identification, the algebraic group Res ∕ℚ acts naturally on ( ) ℚ , and the Mumford-Tate group of ( ) is identified with the norm-1 torus ⊂ Res ∕ℚ cut out by the equation = 1. Suppose now that can be defined over a number field ⊂ ℂ. We suppose that has complex multiplication over , i.e. that all the cycles in End Hdg ( ( ) ℚ ) are defined over . This is equivalent to ⊂ . Attached to this data, we have a Galois representation ∶ → Aut( ( ) ℚ )( ), with image in ( ). Class field theory provides us with a commutative diagram . There exists a unique ∈ (ℚ) such that
Remark. Since ( ) respects theẐ-structure, i.e. ( ) ( )Ẑ ⊂ ( )Ẑ, also the map ' ' must do so. Therefore, thanks to the remarks after Lemma 1.2, it makes sense to consider the induced map ∈ ( ). A direct consequence of the theorem above is that
where * | NS ∶ NS( ) → NS( ) denotes the Galois action on the Néron-Severi group. Let us now recall some results from our previous work. Let be a CM number field, ⊂ its maximal totally real extension and ⊂  an ideal. To this data we have associated an abelian extension ( ) of , which we called the K3 class field modulo . We pick to be such that = . This comes without loss of generality, since one has
The field extension ( ) enjoys the following properties:
(1) Its norm group in corresponds to
( ) denote the ray class field modulo the ideal , and let Cl ( ) the ray class group modulo , so that Gal( ( )∕ ) ≅ Cl ( ). Let us denote by Cl ′ ( ) the quotient Cl ( )∕{ ∶ = } and by ′ ( ) the unique field subextension of ( ) such that Gal( ′ ( )∕ ) = Cl ′ ( ) (note that this definition makes sense since = by assumption). If is quadratic imaginary, then
(4) We introduced these field extensions in order to compute fields of moduli. Let ∕ℂ have complex multiplication by the ring of integers of ⊂ ℂ, in the introduction we defined
Then, the fixed field of
DISCRIMINANT IDEAL AND K3 SURFACES WITH BIG DISCRIMINANT
Let be a complex K3 surface with CM. We assume throughout this paper that is principal, i.e. that the order ( ) ∶= End Hdg ( ( )) is the ring of integers of the CM field ( ). We briefly recall the notion of type, see Section 7 of [Val18] . Let us fix an abstract CM number field and an embedding ∶ ↪ ℂ, and consider a fractional ideal of and an element ∈ with = . Let ( , ) be a principal CM 3 surface ∕ℂ and an isomorphism ∶ → ( ). In the following, we consider ( ) as an  -module, via the map .
Definition 2.1. We say that ( ( ), ) is of type ( , , ) if there exists an isomorphism of
Definition 2.2 (Discriminant ideal). Let ( , ) be of type ( , , ). We define the discriminant ideal of to be the fractional ideal
where  denoted the different ideal of the number field .
Proposition 2.3. In the situation above, we have (1)  ⊂  ; (2) The type map Φ ∶ ( ) → induces an isomorphism between the  -modules and  ∕ ; (3) The definition is independent of the chosen type, provided that (and hence ) is
fixed.
Proof.
(1) This follows from the fact that, since the quadratic form ( , ) given by
(2) This is a direct consequence of the fact that the dual lattice of ( , )
is another type of ( , ), then by Proposition 6.2 of [Val18] , there exists ∈ × such that = and = −1 .
Thus, the ideal  is a well defined invariant of . Note that  =  .
Definition 2.4 (Big discriminant)
. The group of integral Hodge isometries of ( ) is denoted by ( ) and corresponds to the roots of unity in ( ):
The kernel of the canonical map ∶ ( ) → ( ) is denoted by and we say that has big discriminant whether = 1.
Remarks.
• Thanks to the second point in Proposition 2.3, having big discriminant is equivalent to the injectivity of the natural map ( ) → ( ∕ ) × .
• There is always a natural injection ↪ Aut( ). Indeed, for any ∈ , the map ( , Id) ∶ ( ) ⊕ NS( ) → ( ) ⊕ NS( ) can be extended to an integral Hodge isometry 2 ( , ℤ(1)) → 2 ( , ℤ(1)), which in turn is induced by a unique automorphism of , thanks to Torelli Theorem. Proof. For any fractional ideal of , let Nm ∕ ( ) ⊂  be its norm, i.e. the fractional ideal of generated by the elements for ∈ , so that we have Nm ∕ ( ) = . Let ( , ) be the type of . Since the quadratic form ( ) is even, we have that tr ∕ℚ ( ) ∈ 2ℤ for any ∈ ℤ. But tr ∕ℚ ( ) = 2 tr ∕ℚ ( ), so that for any ∈ ( )Nm ∕ ( ) we have tr ∕ℚ ( ) ∈ ℤ. This means that
Base-changing the above equation to  , we obtain
and the claim follows by the fact that  ∕ℚ =  ∕ ⋅  ∕ℚ .
DESCENDING K3 SURFACES
In this section we discuss a method to descend principal K3 surfaces with complex multiplication. Let us fix an ideal ⊂  such that
The main theorem of this section is the following. In order to prove the theorem, we construct a descent data using Torelli Theorem and the main theorem of complex multiplication. Before doing this, though, we need to study the field of definition of isomorphisms. 
Proposition 3.3 (Descending isomorphisms
). * * * * It suffices to prove the commutativity for the following two squares:
The latter commutes by assumption, so it suffices to prove the commutativity of the former. Note that the fields , ( ) and ( ) are naturally identified. Let ∈ × be as in Theorem 1.3, and let , ∈ (ℚ) be the unique elements such that * = and * = . Note that * is -linear, so that the commutativity condition ( * ) −1 • •( * ) = amounts to = . Both and respect theẐ-lattice ( )Ẑ, so ∕ must do the same. This, together with the fact that = = 1, implies that ∕ is a root of unity, i.e. an integral Hodge isometry of ( ). By assumptions, the induced map ( )[ ] → ( )[ ] is Galois equivariant, therefore ∕ ≡ 1 mod . Since we chose such that ( ) → ( ∕ ) × is injective, we conclude that = .
Remark. In case has big discriminant, the proposition says that an isomorphism ∶ → is defined over if and only if the induced map
The immediate corollary we get is: We are now ready to prove Theorem 3.1.
Proof. Let ∈ Aut(ℂ∕ ) and ∈ × , be such that art ( ) = | . By the main thorem of complex multiplication, we have a unique rational Hodge isometry ( ) ∶ ( ) ℚ → ( ) ℚ such that the following commutes:
Let now ∈ × ; if we operate the substitution ↦ , we obtain
since art ( ) = art ( ). Suppose that we can find ∈ × with
and denote by ( ) ⊂ × the set of elements satisfying the above two conditions. If is such that ( ) is not empty, then the map
is constant. Indeed, let , ′ ∈ ( ) and put ∶= ′ ′ . By the first point above, we have that  =  , i.e. ∈  × . Since = −1 , we also have that is a root of unity. By the second point above, we see that ≡ 1 mod . Hence = 1, since we have chosen such that ( ) → ( ∕ ) × is injective. Therefore, for every element ∈ × , such that ( ) is not empty, we can associate a unique Hodge isometry
and a unique element ( ) ∈ ( ), by putting ′ ( ) ∶= ( ) and ( ) ∶= , for any ∈ ( ). By construction, they make the following diagram commute
The elements ∈ × , such that ( ) ≠ 0 correspond to
Thanks to Hilbert's Theorem 90 we can write this group as
and this is exactly the norm group associated to the abelian field extension ( )∕ . Let us denote this extension by . Since ⊂ ⊂ and has only complex embeddings (because is a CM number field) we have a commutative diagram The map ∶ → ( ) constructed before is continuous and has the property that ( × ) = 1. Therefore, it factorises through the profinite completion of ∕ × which is canonically isomorphic to art ( ) = res( ). In this way, we obtain a map (that we still denote by ) ∶ → ( ), which is going to be the Galois representation associated to the model . Consider again the diagram (3.0.2). We have just seen that the association ↦ ( ) depends only on ∈ , therefore also ′ ( ) = * | • ( −1 ) depends only on . This means that for every ∈ we have associated an element ( ) ∈ ( ) and an integral Hodge isometry ′ ( ) ∶ ( ) → ( ) such that (3.0.2) commutes. Since ( ) ≡ 1 mod , we have that ′ ( ) ≡ * | mod . Therefore, since ⊂  by assumption, ′ ( ) ≡ * | mod  as well. This means that the Hodge isometry
can be extended to an integral Hodge isometry ℎ( ) ∶ 2 ( , ℤ(1)) → 2 ( , ℤ(1)). By Torelli, we have a unique isomorphism ( ) ∶ → that induces ℎ( ) in cohomology. Hence, for every ∈ Aut(ℂ∕ ) we have constructed an isomorphism ∶ → (Note that this makes sense, since by the main theorem of complex multiplication depends only on | ). We use this descent data to build the model of over . Since by construction *  = *  for every  ∈ NS( ), we conclude that acts trivially on NS( ), i.e. ( ) = ( ). In the same fashion, since * | and ′ ( ) agree modulo , we have that acts trivially on ( )[ ] as well. The universal property is a direct consequence of Proposition 3.3 and Corollary 3.4.
Examples.
( For sake of simplicity, we do not consider = −3 or = −4. For any such a , denote by  the ring of integers of ∶= ℚ( √ ). Let ∕ℂ be the unique (up to isomorphism) K3 surfaces of type (( √ ), 1). Its discriminant ideal is  =  , and if is odd then  = ( √ ) whereas if = −8 we have  = (2 √ −2). Since ( ) = {±1}, we easily see that ( ) →  ∕ is injective for every such a . Therefore, admits a canonical model can over 3, ( ). Theorem 9.4 of [Val18] implies that for every we have 3, ( ) = . Therefore, can can be defined over the CM field . Elkies in his website listed all the K3 surfaces over ℚ with disciminant and Néron-Severi defined over ℚ. By the universal property in Theorem 3.2, these are our canonical models (once base-changed to ). Therefore, we have a list of explicit equations:
• can Since K3 surfaces with big discriminant can be descended canonically, we would like to understand how strong this condition is. We start by considering principal K3 surfaces with complex multiplication by an imaginary quadratic field. Proof. Let having complex multiplication by the ring of integers of ℚ( √ − ), with a square-free integer, and let ( , ) be the type of . Suppose that − ≡ 2, 3 mod 4. In this case,  = ℤ[ √ − ] and  = (2 √ − ). Hence, having big discriminant means that the map
is injective. If ≠ −1, then ( ) = {±1} and the map
is already injective, so that we conclude thanks to Proposition 2.5. If = −1, then ( ) = 4 and the map (3.0.3) has a kernel if and only if ( )Nm ∕ℚ ( ) = ℤ. Since ℤ[ ] is a UFD, every type ( , ) is equivalent to one of the form (ℤ[ ], ) . Hence, the unique type in this case that has not big discriminant is (ℤ[ ], 1) .
has trivial kernel, hence has big discriminant. The last case left to consider is when
be a primitive sixth-root of unity, so that ℤ[ ] is the ring of integers of . Since ℤ[ ] is a UFD, we can suppose our type to be of the form (ℤ[ ], ) for some ∈ ℚ >0 . The kernel of the map Therefore, there are exactly two (isomorphism classes of) complex K3 surfaces with CM by the ring of integers of a imaginary quadratic extension whose discriminant is not "big". These surfaces were studied in [Vin83] . If the CM field is not quadratic imaginary we have the following finiteness theorem. Theorem 3.6. Let ⊂ ℂ be a CM number field, and denote by ( ) the set of isomorphism classes of principal K3 surfaces over ℂ whose reflex field equals . Then, up to finitely many elements, every ∈ ( ) has big discriminant.
Proof. It is sufficient to prove that there are finitely many isomorphism classes of types without big discriminant. Indeed the type determines the transcendental lattice of a K3, which in turn determines finitely many K3 surfaces (this is the finiteness of the FourierMukai partners, see [Huy16] p. 373, Proposition 3.10). Let { 1 , ⋯ , } be the finite set of ideals for which the map ( ) → ( ∕ ) × is not injective. Denote by { 1 , ⋯ , } be representatives of the elements of Cl( ). Every type ( , ′ ) is equivalent to one of the form ( , ) for some ∈ {1, ⋯ , }. Therefore, if ( , ) has not got big discriminant, we have that ( )  = , for some ∈ {1, ⋯ , }. Fix now and . We want to prove that there are only finitely many isomorphism classes of types of the form ( , ) such that the equality
holds. To do this, suppose that both ( , 1 ) and ( , 2 ) have discriminat equals to . In particular, we have that ( 1 ) = ( 2 ), i.e., there exists a unit ∈  × such that 1 = 2 . Moreover, this unit is totally positive, since the signature of ( ) does not depend on (thanks to Hodge index Theorem). If we denote by the group of totally positive units, we see that the isomorphism type of ( , ) for ∈ depends only on the image of in the quotient ∕Nm ∕ ( × ), where denotes the maximal totally real subfield of . Since the group ∕Nm ∕ ( × ) is finite, we conclude the proof.
ALMOST-CANONICAL MODELS AND THE GENERAL CASE
In the previous section, we have shown that when the map
is injective, admists a model can over ∶=  ( ) with ( can ∕ ) = ( ∕ℂ), and that the pair ( , can ) satisfies a universal property. In case when has not big discriminant, we solved our problem by fixing a level structure (determined by an ideal ⊂  ) in such a way that the map
is injective. To the pair ( , ) we associated a model over ∶= ( ), which satisfies a universal property analogous to the one of . It could happen, though, that even if has not got big discriminant, it still admits a model over  ( ) with full Picard rank. Our aim in this section is to explain why and when this happens.
Definition 4.1. Let ∕ℂ be as usual, and fix an ideal ⊂  . We say that the pair ( , ) admits an almost-canonical model if there exists a model of over ∶= ( ) satisfying the following properties:
(1) ( ) = ( ); 
Remarks.
• The condition ⊂  is necessary, and a consequence of the fact that ( ∕ ) = ( ∕ℂ). Indeed, by the main theorem of complex multiplication, we have that Nm ∕ ( × , ) ⊂  ; • Condition 3) is a technical condition that is going to be essential in the proof of Theorem 4.6. Suppose that we had an ∕ satisfying only conditions 1) and 2) above and let ∈ ker(res ∕ ). By the main theorem of complex multiplication and point 2) above, we have that ( ) ∈ , since we can choose = 1 in Theorem 1.3. Therefore, we see that condition 3) is automatically satisfied by the canonical models constructed during the previous section.
We provide necessary and sufficient conditions on ( , ) to ensure the existence of an almost-canonical model. Moreover, in case these conditions are met, we prove that these models are only finitely many and characterise them in terms of their Hecke characters. Consider the set-up of Theorem 1.3: ∈ × , ∶= Nm ∕ and ∈ such that | = art ( ). By Theorem 1.3, we have unique ∈ (ℚ) such that the following commutes (4.0.1)
( )
The inclusion ⊂ ℂ induces an archimedean absolute value on . For every ∈ × let us denote by ∞ the component of corresponding to this archimedean absolute value. Let ∈ and ∶= Nm ∕ . The commutative diagram (3.0.2) together with the condition  =  imply that is a root of unity. Moreover, since ≡ 1 mod and ∈ , we also have that ≡ 1 mod , i.e. = 1. Therefore, for every ∈ , we have the identity Proof. Assume we have an almost-canonical model ∕ , with = ( ) and consider the associated Galois representation ∶ → ( ). By point 3) in Definition 4.1, we have a factorisation ∶ → res ∕ ( ) → ( ) and, by class field theory, res ∕ ( ) = art ( ), so that we obtain a map ′ ∶ → ( ) that makes the following diagram commute:
Nm ∕ art ′ By the main theorem of CM, for every ∈ there exists a unique ( ) ∈ (ℚ) such that
Moreover, by point 2) in Definiton 4.1 we must have that ′ ( ) ≡ 1 mod . Clearly ′ ( × ) = 1, so we see that the map → given by ↦ ( , ( ) descends to a splitting of 1 → →̃ →̃ → 1.
The next theorem says that this conditions is also sufficient: Proof. The crucial point in the proof of Theorem (3.1) was that the map (3.0.1) took constant values. This relies on the big discriminat condition, and it fails to be true if ≠ 0. The splitting comes into play allowing us to choose one value of (3.0.1), in the following way. Let us consider once again the commutative diagram
The product ⋅ is a well defined element of ( ), and we denote it by ′ ( ). The map ′ ∶ → ( ) has × is its kernel, so just like in Theorem 3.1 it gives us another map ∶ → ( ), which is going to be the Galois representation associated to . The construction of proceeds now exactly like in Theorem 3.1. To prove the second part of the theorem, let ∕ be another almost canonical model. By Lemma 4.5, ∕ induces a splitting of the short exact sequence (4.0.3).
Remark. The condition on the splitting of 1 → →̃ →̃ → 1 is more theoretical than practical. Nevertheless, it clarifies what happens when has big discriminant: in this case, if we choose =  , the short exact sequence boils down to an isomorphism  ∼ ← ← ← ← ← ← ← →̃  and therefore admits only one splitting which determines a unique (hence canonical) model over  ( ).
ON THE PICARD GROUP OF CANONICAL MODELS
Let ∕ be the canonical model of a K3 surface with big discriminant. Since ( ∕ ) = ( ∕ ), it seems natural to ask whether also the equality Pic( ) = Pic( ) holds. The explicit examples provided by Elkies show that this is indeed the case, when is quadratic imaginary with class number one. In general, one has a spectral sequence
which induces an exact sequence
The group (Pic( ) ) = ker(Br( ) → Br( )) is called the Amitsur group of and it is denoted by Am( ). It is a finite abelian group. In order to study some basic properties of Am( ) let us recall the definition of index of a variety. Proof. This follows from the functoriality of (5.0.1) and by a restriction-corestriction argument.
If is a number field, more can be said. For every place of consider the local index ( ∕ ) of the base change of to the completion of at .
Corollary 5.3. If every local index of is one, the map
Proof. This follows from Proposition 5.2 and the short exact sequence
In particular, if has a point everywhere locally, then the map Pic( ) → Pic( ) is an isomorphism. Before studying the index of the canonical models, let us say something about the existence of local points. Since is a CM field, we only need to consider finite places. For every finite place of let us denote by ∈ a local parameter. If ∶ × → ℂ × is the Hecke chartacter of and a prime number invertible in  , we have that ( ) belongs to the reflex field ⊂ ℂ and acts as Frob * on ( ) ⊗ ℤ . 
Proof.
(1) Let ∈ be a local parameter, so that Nm ∕ ( ) = , where = ( ∕ ) ⋅ ( ∕ ). Since is inert or ramified over by assumption, we have that ( ) = ( ), i.e. ∕ is a unit. Since the Galois action on the Picard group is trivial and =  , by point 6) in Proposition 4.3 we conclude that ( ) = 1. Hence, the Frobenius acts trivially on ( ) ⊗ ℤ and therefore on the whole cohomology group 2 ét ( , ℤ )(1). By the Lefschetz fixed point formula, we obtain that
so that by Hensel lemma we conclude that ( ) ≠ ∅. If the Tate conjecture is true, this means that 2 ét ( , ℤ )(1) is spanned by algebraic classes, and is supersingular. But then the equality ( red ) = ( red ) and the short exact sequence (5.0.1) implies that Pic( red ) = Pic( red ), since the Brauer group of a finite field is always zero.
(2) Let us write ∶= ( ) and ∶= ( ). Since is split over , we see that is never in  . By the Lefschetz fixed point formula we have
Let us fix a CM type Φ ⊂ Hom( , ℂ). We have
Clearly, for any ∈ ℂ we have Proof. Let ∈  × , so that art ( ) ∈ . Since is a unit and ( ) = ( ), we conclude again by point 6) of Proposition 4.3.
Unfortunately, a criterion analogous to the Néron-Ogg-Shafarevich one is false for K3 surfaces. Nevertheless, much work has been done to that direction, see for example [CLL17] , [LM18] and [Mat15a] . Let us explain briefly their results before applying them to our questions. Let  be a local Henselian DVR, its field of fractions and is residue field of characteristic ≥ 0. We make the following assumption Assumption 5.6 (⋆). Let ∕ be a K3 surface over a local field. We say that satisfies assumption (⋆) if there exists a finite field extension ∕ such that admits a model  →  that is a regular algebraic space with trivial canonical sheaf ∕ , and whose geometric special fiber is a normal crossing divisor. This assumption holds in the equal characteristic case ( = 0) and it is expected to be true in mixed characteristic.
Definition 5.7. Let be a field. A K3 surface ∕ with at worst RDP singularities is a proper and geometrically-irreducible surface such that has at worst RDP singularities whose resolution is a K3 surface.
The main result we are interested in is Theorem 1.3 of [LM18] . In order to apply this result (and similars) to our question about the surjectivity of the map Pic( ) → Pic( ) , we need a way to compare the index of to the index of . This is accomplished by the following Theorem: 
where Γ reg denotes the regular locus of Γ .
In our situation, is a finite field, so that ( ∕ ) = 1 for any geometrically irreducible algebraic variety ∕ . Combining Theorems 5.9 and 5.8 together with Proposition 5.5, we obtain Corollary 5.10. Assume that for every place of , ∕ satisfies (⋆). Then Pic( ) = Pic( ).
Let us now finish this section with some unconditional results. 
(1) Since has full Picard rank, all the sixteen exceptional lines 1 , ⋯ , 16 are defined over . This is because they are rigid in their linear system. In Pic( ), there exists a reduced divisor ⊂ such that 2 = 1 + ⋯ + 16 . We also have that | | = { }, since all its component are rigid. Therefore, is defined over as well. Let ∶ → be a 2-covering associated to . It follows that the ramification locus of can be written as ∶= ∑ , where each is a (−1) curve. From the arithmetic version of Castelnuovo's contractibility criterion (see [Liu02] , Theorem 3.7 p. 416) we can contract these curves to obtain a smooth surface , and let us denote ∶ → the contraction morphism. We see that ( ) ≠ ∅, since ( ) is a −point. Let us denote by ∶= ( 1 ) ∈ ( ). This very same procedure carried out over tells us that ( , ) must be an abelian surface such that ≅ Km( ). Therefore, ( , ) is an Abelian surface too and ≅ Km( ). The fact that the full 2−torsion is defined over follows by the same statement about the lines . The statement about the good reduction properties follows from Theorem 5.12.
(2) Since is a singular K3 surface, it admits an elliptic fibration → ℙ 1 with two singular fibres of type * in Kodadira's classification (see Shioda-Inose) . It follows immediately that there exist two (−2)-curves 1 and 2 on such that ( 1 , ⋅ 2 ) = 1. Therefore, since once again 1 and 2 are defined over , we conclude that their intersection is a −rational point. The good reduction properties follows from Theorem 5.13.
The following theorem was proved in the unpublished master thesis of Tetsushi Ito and can be foundd in the appendix of [Mat15b] . 
APPLICATIONS AND OPEN QUESTIONS
In this last section, let us illustrate a couple of applications of the results above. The first is related to Schütt and Elkies' work on the field of definition of singular K3 surfaces, as explained in the introduction. Let ∕ℂ be a singular K3 surface with CM by the ring of integers of a quadratic imaginary extension . Assume that ( ) is neither isomorphic to 1 0 0 1 nor to 2 1 1 2 . We are now in the position to generalise this to any K3 surface with CM. Let us recall some notation introduced at the end of section 1. If is a CM number field, let ⊂ be the maximal totally real subfield. For any ideal ⊂  , we denote by ,1 = { ∈ × ∶ ord ( − 1) ≥ ord ∀ | } and let us put  ∶=  × ∩ ,1 . The proof of the following is identical to the one above. In both cases, a necessary condition is that the complex conjugation acts trivially on Cl  ( ), therefore also on Cl( ). The second application we have in mind concerns the asymptotic growth of the fields of definition. Let us fix a CM number field ⊂ ℂ and let us consider the set ( ) introduced in Theorem 3.6. It is a result of Taelman [Tae16] that for any CM field with [ ∶ ℚ] ≤ 20 the set ( ) is not empty. Denote by ( ) ∶= { ∈ ( ) ∶ has big discriminant}. Thanks to Theorem 3.6 we know that ( ) − ( ) is a finite set. For any ∈ ( ) let us denote by ∶= min{[ ∶ } ∶ has a model over }. We have
where > 0 was defined in the remark after Theorem A in the introduction. The numbers [  ( ) ∶ ] are explicitely computed in Theorem 9.4 of [Val18] . Let us write for the subgroup of Aut( ) generated by the complex conjugation, ∶=  =  ∩ and ( ) ∶= ( , ) for any −module . Finally, let ∶= [ ∶ ℚ] and let ( ) be the product of the ramification indices of all the places of in that are coprime to the ideal ⊂  . We have The snake lemma applied to the following morphism of short exact sequences
produces the following exact sequence: Let us now consider the term ( ). By Proposition 2.5 we have that  ⊂  ∕ , and since the primes the divide  ∕ ∩ are exactly the ones that ramify in , we see that only the places at infinity appear in the product ( ), so that ( ) = 2 [ ∶ ℚ] . Finally, the term 1 (  ,1 ) is described in Proposition 9.5 of [Val18] . It follows that it also can universally bounded for any CM field with [ ∶ ℚ] ≤ 20. Therefore, there are constants , > 0 such that for any principal K3 surface with CM (6.0.2)
As a consequence of this analysis, we have the following Theorem: In [Š96] , Shafarevich proved that, for a given natural number > 0, there are only finitely many ℂ−isomorphism classes of singular K3 surfaces that can be defined over a number field of degree . Later, Orr and Skorobogatov in [OS18] proved that the same is true for any K3 surface with CM. We are now in the position to prove it for principal K3 surfaces: Proof. By our results, there are constant , > 0 such that for any K3 surface with CM by the ring of integers of a CM field we have
Theorefore, we need only to prove that for a given > 0 there are only finitely many ℂ−isomoprhism classes of K3 surfaces with CM by the ring of integers of a CM number field such that
By a famous result of Stark in [Sta74] , there are only finitely many CM number fields ⊂ ℂ such that ℎ ℎ ≤ .
Let them be 1 , 2 , ⋯ , . Therefore, if is such that (6.0.3) holds, we see that have CM by one of the ′ . For any 1 ≤ ≤ there are only finitely many ideals ⊂  such that ( ) ( ∩ ) ≤ , let them be , for 1 ≤ ≤ . Finally, using the same argument as in the proof of Theorem 3.6, we see that for any , there are only finitely many ℂ−isomorphism classes of K3 surfaces with CM by  and  = , .
Let us conclude the paper with some questions regarding the good reduction properties of the canonical models, which are motivated by the discussion in the previous section. It would be interesting to answer any of the followings:
(1) Does have good reduction over every place of =  ( )?; (2) Is there a smooth projective model → Spec( ) with × Spec( ) ≅ ?
